A numerical exploration of the linear stability of a fluid confined between two coaxial cylinders rotating independently and with an imposed axial pressure gradient (spiral Poiseuille flow) is presented. The investigation covers a wide range of experimental parameters, being focused on co-rotation situations. The exploration is made for a wide gap case in order to compare the numerical results with previous experimental data available. The competition between shear and centrifugal instability mechanisms affects the topological features of the neutral stability curves and the critical surface is observed to exhibit zeroth-order discontinuities. These curves may exhibit disconnected branches which lower the critical values of instability considerably. The same phenomenon has been reported in similar fluid flows where shear and centrifugal instability mechanisms compete. The stability analysis of the rigid-body rotation case is studied in detail and the asymptotic critical values are found to be qualitatively similar to those obtained in rotating Hagen-Poiseuille and spiral Couette flows. The results are in good agreement with the previous experimental explorations.
Introduction
In this work, we explore the behaviour of an incompressible viscous fluid contained between two concentric cylinders that can rotate independently about their common axis at constant angular velocities. An axial motion is induced in the fluid by means of an imposed axial pressure gradient. As a result, the basic flow whose linear stability will be studied is the superposition of the azimuthal Couette flow and the axial Poiseuille flow, Joseph (1976) , usually termed spiral Poiseuille flow.
The first studies concerned with the stability of the spiral Poiseuille flow were carried out by Chung & Astill (1977) and by Hasoon & Martin (1977) . In the previous explorations, the outer cylinder was assumed to be at rest. In Hasoon & Martin (1977) , the perturbation fields of the basic flow were assumed to be axisymmetric and the first non-axisymmetric stability analysis was provided by Chung & Astill (1977) . In a more recent numerical and experimental investigation, reported in Takeuchi & Jankowski (1981) , both cylinders were rotating but the study was focused on three particular values of angular speed ratios, covering three specific cases of co-rotation, counter-rotation and outer cylinder at rest. In addition, Takeuchi & Jankowski (1981) concluded that the axial effects induced by the pressure gradient may stabilize or destabilize the basic flow depending on the sign of the angular speed ratio of the cylinders. Another conclusion from the results provided in Chung & Astill (1977) and parameters R i , R o and Re are defined. The basic steady flow is obtained analytically assuming independence with respect axial and azimuthal coordinates. In § 3, we formulate the linear stability analysis for infinitesimal perturbations. The formulation leads to a generalized eigenvalue problem which must be solved numerically. In § 3.1, the symmetries of the linearized problem are considered in order to simplify the exploration in the space of physical parameters. A characterization of the secondary flows is provided by means of the geometrical features of the critical eigenvectors obtained from the linearized problem. From the Petrov-Galerkin formulation, a first integral of the perturbation field is obtained in order to visualize the structure of the secondary spiral flows appearing in the transition. In § 3.2, the conditions for criticality are introduced, following the same formulation used in Meseguer & Marques (2000) for the stability of spiral Couette flow. Section 4 is devoted to the numerical exploration of the linear stability. In § 4.1, we compare our numerical results with those provided in Takeuchi & Jankowski (1981) , both numerical and experimental. In § 4.2, a comprehensive exploration of the co-rotating situation is presented. The numerical computations reported here were carried out for the same experimental parameters used in Takeuchi & Jankowski (1981) . Section 5 is devoted to rigid-body rotation in the spiral Poiseuille problem. We compare the asymptotic critical regimes of three different flows in which shear and centrifugal mechanisms compete: rotating Hagen-Poiseuille flow, spiral Couette flow and spiral Poiseuille flow. For this purpose, a suitable axial Reynolds number is defined for the three flows in order to make the comparison meaningful from a physical point of view.
Formulation of the problem
We consider an incompressible fluid of kinematic viscosity ν and density ρ which is contained between two concentric rotating cylinders whose inner and outer radii and angular velocities are r * i , r * o and Ω i , Ω o respectively. In addition, the fluid is driven by an imposed axial pressure gradient (∂P * /∂z * ) = constant. The independent dimensionless parameters appearing in this problem are: the gap between the cylinders 
Let v = ue r + ve θ + we z , the physical components of the velocity v in cylindrical coordinates (r, θ, z) . The boundary conditions for the flow described above are
4) where r i = η/(1 − η) and r o = 1/(1 − η). The steady velocity field v B independent of the axial and azimuthal variables that satisfies this condition is where the constants A, B and C are
A geometrical description of the problem can be found in figure 1. The azimuthal component of the basic flow is dictated by the Couette flow and the axial component is a superposition of logarithmic and parabolic profiles. The basic vector field (0, v B , w B ) is represented in figure 1 . Following Takeuchi & Jankowski (1981) and other previous works, we will make use of the axial Reynolds number Re =wd/ν as a measure of the imposed axial effect, wherew is the mean axial flow in the annulus,
where w * B stands for the dimensional basic flow. A straightforward calculation leads to the explicit relation between the Poiseuille number and the axial Reynolds number:
Formulation of the linear stability analysis
The basic flow is perturbed by a small disturbance which is assumed to be periodic in the azimuthal and axial coordinates:
2)
The competition between centrifugal and shear instability 133 where v B = (0, v B , w B ) is given by (2.5), n ∈ Z, k ∈ R and λ ∈ C. In addition, the perturbation of the velocity field must satisfy the solenoidal condition
where u must satisfy homogenous boundary conditions
Formal substitution of the perturbed fields (3.1) and (3.2) in the Navier-Stokes equations leads to the eigenvalue problem 5) where the nonlinear terms have been neglected. Condition (3.3) means that the solution eigenvectors of equations (3.5)-(3.4) must satisfy the constraint
The boundary value problem (3.5)-(3.4), conditioned to (3.6), is numerically discretized making use of a solenoidal Petrov-Galerkin spectral method which was used in Meseguer & Marques (2000) for the stability analysis of the spiral Couette problem.
The discretization leads to a generalized eigenvalue problem for the Mth order spectral approximation of the velocity field x M :
where x M is given by the expression
The solenoidal vector fields u The functions f m and h m are combinations of Chebyshev polynomials; their detailed structure can be found in Meseguer & Marques (2000, § 3) . In equation (3.7), the linear operator G depends only on the radius ratio and the axial and azimuthal wavenumbers of the perturbation. The operator H depends on the the same set of variables and on the dynamical parameters of the problem (R i , R o , and Re) as well. Explicit expressions for the operators G and H for a generalized axial-azimuthal basic flow (0, v B , w B ) can be found in Meseguer & Marques (2000, appendix A) . The problem is then reduced to the computation of the spectrum of eigenvalues of (3.7). If, for a given set of the previous parameters, the whole spectrum lies on the left side of the complex plane, then the basic flow will be stable with respect to infinitesimal perturbations. On the contrary, if one of the eigenvalues of the spectrum has positive real part, then the basic spiral Poiseuille flow will become linearly unstable. The condition of criticality is obtained by requiring the rightmost eigenvalue of the spectrum of (3.7) to have zero real part. This condition must be imposed for each set of values of the physical and normal mode parameters, introducing an implicit dependence between the parameters of the perturbation (n, k) and the set of Reynolds numbers (R i , R o , Re) . Overall, the computational cost of the numerical exploration might be very high. Some advantage can be taken from the symmetries of the operators G and H in (3.7) in order to reduce the parametric exploration of the linear stability.
Symmetries and characterization of bifurcated solutions
Equations (2.1) are invariant with respect to the specular reflections {z → −z, w → −w} and {θ → −θ, v → −v}. They are also invariant with respect to rotations around the axis, axial translations and time translations. Boundary conditions (2.2), (2.3) and (2.4) break some of these symmetries. For example, R i or R o different from zero breaks the specular reflection θ → −θ, and Re = 0 breaks the specular reflection z → −z. In order to keep the invariance we must change the sign of these Reynolds numbers, and of the corresponding wavenumbers n and k in the solutions of the linearized system (3.7). Obviously, the symmetries allow us to restrict the exploration to the cases Re > 0 and R i > 0. Furthermore, since the Navier-Stokes equations are real, the complex conjugate of a perturbation (3.1), (3.2) is also a solution, and we can change simultaneously the sign of n, k and the imaginary part of λ. Therefore, the exploration in the normal mode analysis can be reduced to the case k > 0 and n = 0, ±1, ±2, . . . . Near criticality, the geometrical features of the bifurcated flows can be predicted from the spatio-temporal structure of the critical eigenvectors of (3.7). When axisymmetric modes, n = 0, are dominant in the transition, the bifurcated pattern is the Taylor vortex flow, provided that k = 0. In addition, if the imaginary part of the rightmost eigenvalue, ω = Im λ, is not zero, these Taylor vortices will travel in the axial direction with constant axial speed c = ω/k. When n and k are non-zero, the eigenvector of the linear problem has the form of a spiral pattern. The wavenumbers n and k, together with ω, fix the shape and speed of the spiral. The angle α of the spiral with a z-constant plane is given by tan α = −n/(r o k) = −(1 − η)n/k; the speed of the spiral in the axial direction (on a θ-constant line) is c = −ω/k, and in the azimuthal direction (on a z-constant line) it is ω sp = −ω/n.
The perturbation fields defined in (3.1) are invariant under spiral-like transforma-
Making use of the spiral coordinate ζ = nθ + kz, the solenoidal condition (3.6) can be expressed as
Equation (3.12) implies the existence of a first integral χ of the perturbation field satisfying
(3.14)
From equation (3.14), and making use of the spectral approximation of the pertur- The first integral χ will be used later in order to represent the spiral component of the bifurcated solutions.
Computation of the critical values
In this section, we proceed to formulate the mathematical condition of criticality following the procedure used in Meseguer & Marques (2000) for the stability analysis of spiral Couette flow. Let σ be the real part of the rightmost eigenvalue of the spectrum of (3.7). For negative values of σ, the basic flow is stable under infinitesimal perturbations. When σ is zero or slightly positive, the steady flow becomes unstable and bifurcated secondary flows may appear. As mentioned before, the spectrum depends on the physical parameters and the axial and azimuthal wavenumbers of the perturbation. As a consequence, σ(R i , R o , Re, η, n, k) is a function which implicitly depends on these variables. For fixed values of η, R o , Re, and a (n, k)-azimuthalaxial normal mode given, the inner Reynolds number R c i (n, k) such that σ = 0 is computed. The critical inner Reynolds number is given by R crit i = min n,k R c i (n, k), and the corresponding values of n, k are the critical azimuthal and axial wavenumbers n crit , k crit which will dictate the geometrical shape of the critical eigenfunction, as mentioned in § 3.1. Furthermore, the imaginary part of the critical eigenvalue, ω crit , gives the angular frequency of the critical eigenfunction. Again, the critical values n crit , k crit and ω crit are implicit functions of the parameters η, R o and Re.
The critical condition σ(k, R i ) = 0 implicitly defines R i as a function of the axial wavenumber k. The curve R i = g(k), usually termed the neutral stability curve (NSC), fixes the boundary between stable and unstable situations. Therefore, the critical parameter R crit i is the absolute minimum of g(k) for some value k = k crit . This computation must be carried out for different values of n. As reported in Meseguer & Marques (2000) , the NSC curves may have multiple extrema (maxima and minima), and exhibit disconnected parts and sharp geometrical forms. Furthermore, these curves may exhibit multivalued branches as functions of k, and these features can change abruptly in some ranges of the parameters. At this stage, we proceed to compute the critical values using a modified Newton-Raphson method the reliability of which was checked in Meseguer & Marques (2000) for the stability analysis of spiral Couette problem. The Petrov-Galerkin scheme used for the numerical approximation of the eigenvalue problem provided spectral accuracy. A convergence test of the spectral scheme can be found in Meseguer & Marques (2000, 
Numerical results
This section is devoted to the numerical exploration of the linear stability of the basic flow. The study is focused on the co-rotation zone (R i R o > 0) and for the wide gap case η = 0.5 in order to compare our results with previous experimental and numerical data provided in Takeuchi & Jankowski (1981) . Some explorations were carried out for the counter-rotating case, but the results did not provide any information not already reported in previous works. When the cylinders are rotating with opposite signs of angular speeds, the centrifugal mechanism is dominant over the axial shear, as already concluded in Meseguer & Marques (2000) , where the shear was induced by a relative axial sliding between the cylinders. On the other hand, when both cylinders rotate with the same orientation, the axial shear instability mechanism may become dominant over the centrifugal one. In figure 2(a) , we show the critical inner Reynolds number R c i as a function of the axial Reynolds number Re for µ = 0. Our numerical computations for this case are not distinguishable from TJ's numerical results within plotting accuracy. One of the most remarkable features is that the axial effects stabilize axisymmetric as well as non-axisymmetric azimuthal modes. This stabilization is maximum at Re ∼ 60. For larger values of Re, the stability effect decreases, eventually reversing for Re large enough. For low axial Reynolds number, the bifurcating pattern is a travelling Taylor vortex flow (n = 0), since c L = 0 in the range of values of axisymmetric dominance, as reported in table 1 of TJ. As the axial effect is increased, the dominant modes become non-axisymmetric, associated with spiral secondary flows.
Comparison with previous results
Our study is concerned with the computation the absolute instability of the spiral Poiseuille flow. The convective instabilities would correspond to perturbations which grow with respect to a system of reference which is moving with constant axial speed. Therefore, these kinds of disturbances undergo only a transient growth with respect to a steady system of reference, provided that they are confined to a bounded spatial domain, and they eventually decay. The comparison with the experiments is difficult since there is a spatial transient in the development of the basic axial parabolic In other words, for a fixed length of the annular pipe, there is always a threshold value of the axial Reynolds number above which the basic flow is never completely developed. A discrepancy between the numerical predicted values of transition and experimental results can be observed in figure 2(a), which increases with Re. In figure 2(b) we represent the critical axial wavenumber k c as a function of Re for the same set of parameters. The computed angle of the bifurcated spiral pattern is plotted in figure 2(c) and compared with the corrected experimental data provided by TJ in their corrigendum. 
Exploration in the co-rotation zone
The critical behaviour for low values of R o is qualitatively the same as for the case R o = 0, previously discussed. In figure 3 , we represent the critical inner Reynolds number R c i as a function of the axial Reynolds number Re in the range of outer rotation values R o ∈ [0, 50]. It can be observed that the axisymmetric mode n = 0 is always dominant for Re = 0, being stabilized as Re is slightly increased from that limit value. The first non-axisymmetric modes n = 1, 2 are stabilized by the axial effects although n = 3 is only stabilized in a small range of values of R o . Higher non-axisymmetric modes are always destabilized.
This behaviour is no longer valid for higher values of R o . In figure 4 we plot the critical curve for R o = 450. The first relevant feature is that R c i is almost independent of Re for axisymmetric disturbances. The first non-axisymmetric modes n = 1 and figure 4) . In order to detect these topological anomalies as soon as they appear, a modified Newton-Raphson method already formulated in Meseguer & Marques (2000) has been used.
For fixed values of R o and Re, three different spiral regimes can be observed in the transition, depending on the value of the inner rotation Reynolds number R i . In figures 6, 7 and 8 the essential features of the three different spiral regimes along the folded critical curve R o = 450 for a fixed axial Reynolds number Re = 100 are depicted. The first plot (a) shows isolines of the first integral χ, computed from equation (3.16), in the (r, z)-plane; these curves are sections of the χ isosurfaces where the particles are constrained to move. The second plot (b) shows isolines of v θ , which provides the complete structure of the spiral once χ is given. Both these representations have been done using the same radial-axial aspect ratio in order to emphasize the characteristic length of the spiral regime in each case. Finally, plot (c) is which a three-dimensional visualization of one of the χ = const-isosurfaces which provides a better understanding of the secondary pattern. In all three plots, we have depicted only the eigenfunction corresponding to the critical eigenvalue, omitting the basic flow. For the spiral Poiseuille problem, the basic flow contributes a constant factor to the χ first integral, leaving the mean geometric features of the spirals invariant. In figure 6 the spiral regime corresponding to the centrifugal branch is represented, where the critical azimuthal value is n c = 4 and R c i = 722.9. In this case, the angle of the spirals is very low, α ∼ 20
• , and the highest gradients in the azimuthal velocity v θ are mainly concentrated near the inner radius, where the centrifugal effects are more dominant. Also, the azimuthal speed is very low in the medium gap and near the outer wall. The hidden branch is represented in figure 7 , where the azimuthal mode is n c = 5 and R c i = 415.4. In this branch, the angle of the spirals has increased to α ∼ 48
• and the distribution of azimuthal component of the velocity has spread to the whole gap. Finally, in figure 8 we plot the spiral pattern corresponding to the shear branch, for n c = 6 and R i = 232.2. The spirals are almost parallel to the axis in the last case, with an approximate angle of α ∼ 74
• . Figure 9 summarizes the behaviour of R figure 10 we represent the critical surface where the folding can be better visualized. The curve corresponding to the numerical results obtained in TJ for the particular co-rotating case µ = 0.2 is also plotted in order to emphasize that their explorations were carried out far away from the cuspidal zone where the discontinuities may appear. A two-dimensional projection of the transition curves between different azimuthal modes is plotted in figure 11 ; the projections of the Some similarities can be pointed out between the critical surface of the spiral Poiseuille problem and the one obtained in Meseguer & Marques (2000) for spiral Couette flow. First, the axisymmetric mode is always dominant for small values of Re and the critical value R c i is almost independent of the axial effect as the outer rotation number R o is increased. Second, the threshold value of the axial Reynolds number in the cuspidal zone of the spiral Couette flow was Rz = 73.41 which is agreement with that obtained for the cuspidal point of the spiral Poiseuille flow within 9% relative error, Meseguer & Marques (2000) . The range of dominant azimuthal modes is slightly wider in the spiral Poiseuille flow. This phenomenon can be explained in terms of the effective gap of the problem. In the next section, we will see that the shear effect of a spiral Poiseuille flow with η = 0.5 is qualitatively equivalent to the shear effect produced by a spiral Couette flow with effective radius ratio η eff ∼ 0.73. As the radius ratio approaches the unity, the axial shear effect becomes more and more dominant and the range of dominant azimuthal modes increases rapidly, as already concluded in Meseguer & Marques (2000) and Ludwieg (1964) for the small gap case η = 0.8 in spiral Couette flow.
In figure 12 (a) we plot the axial speed of the spirals, c = −Im(λ/k), for different values of the outer rotation Reynolds number R o as a function of the axial Reynolds number Re. The speed of the spirals increases dramatically above the threshold Reynolds number R o = 243.1, where the shear mechanism becomes dominant. This is reflected in the plot for the curves R o = 300 and R o = 400, where the discontinuity appears. In the shear branch, the axial speed of the spirals is increased by approximately 60% with respect to the centrifugal speed. The authors had observed this already in the behaviour of the spirals in spiral Couette flow, where the relative increase of the axial speed of the spirals was even bigger. Reynolds number Re the speed of the spirals increases almost linearly with respect to Re. In particular, for Re = 0, the secondary solution is always advected downstream with a non-zero axial speed. This is in contrast with the behaviour of spirals in spiral Couette flow, where the secondary solutions were almost steady for low axial Reynolds number, see Meseguer & Marques (2000) , figure 7(d ). In figure 12(b) , the angle of the bifurcated spiral pattern is plotted as a function of the two Reynolds numbers. In the shear branch, the spirals become almost parallel to the axis of the cylinders, with angles between 70
• and 80
• . After the cuspidal zone has been crossed, the spirals reach an asymptotic regime where their angles are almost independent of the axial Reynolds number Re.
The rigid-body rotation: overview
This section is devoted to the linear stability of spiral Poiseuille flow in the particular case of both cylinders rotating with the same angular speed Ω, which is equivalent to considering a linear dependence between the inner and outer rotation Reynolds numbers R = R i = ηR o . In Meseguer & Marques (2000) , the same problem was studied for spiral Couette flow. In both cases, asymptotic values of the critical regime have been obtained for high rotation rate R or high axial Reynolds number Re. In Mackrodt (1976) , a study of the stability of Hagen-Poiseuille flow (pipe flow) with imposed rotation was reported, and those asymptotic regimes were computed. Mackrodt showed that, although Hagen-Poiseuille flow is linearly stable for any axial Reynolds number, the superposition of a slow rotation of the pipe may destabilize the basic flow. And conversely, although the rigid-body rotation flow is linearly stable for any angular speed, the superposition of a finite axial effect destabilizes the basic flow. The same mechanism was observed in the spiral Couette flow between coaxial cylinders rotating with the same angular speed. In the spiral Couette problem, the axial effect was introduced by means of a relative axial sliding of the cylinders. For this case, it was observed that the rigid-body rotation was stable in the absence of axial effects. Correspondingly, the axial sliding flow was always stable when the rotation was absent. In both cases the superposition of shear and centrifugal mechanisms made the basic flow unstable. In figure 13 , we plot the critical curve for the rigidbody spiral Poiseuille flow. As in rotating Hagen-Poiseuille and spiral Couette flows, two asymptotic regimes are found to be dominant: for high values of the rotation Reynolds number R, finite Re, and for high values of the axial Reynolds number Re, finite R. As the rigid-body rotation is increased, the critical curve reaches an asymptotic value for Re ∞ centrif = 96.14, where the azimuthal mode in the transition is a spiral regime n = 6 (centrifugal branch). When the axial effect is increased to high values, the critical rigid-body rotation number R tends to an asymptotic value R ∞ shear = 70.69 (shear branch), n = 5 being the dominant azimuthal mode. In order to make a comparative analysis of the rigid-body rotation among rotating Hagen-Poiseuille, spiral Couette and spiral Poiseuille problems, a suitable control parameter for the axial shear effect needs to be properly defined. In Mackrodt (1976) , the axial Reynolds number for rotating Hagen-Poiseuille flow, Re HP , was obtained in terms of the maximum value of the basic flow attained at the axis of the pipe. In Meseguer & Marques (2000) , the axial Reynolds number Re SC for spiral Couette flow was obtained using the axial speed of the inner cylinder which coincides with the maximum axial velocity of the logarithmic profile in the basic flow. As mentioned in 
Conclusions
A comprehensive exploration of the stability of spiral Poiseuille flow has been presented and remarkable new features have been found in the critical regime. First, the presence of islands of stability in the neutral stability curves is found to be responsible for the discontinuities in the critical surface and the associated zerothorder discontinuities in the critical Reynolds number R c i . Second, the competition between shear and centrifugal mechanisms of instability leads to a cuspidal region in co-rotating situations where complex dynamics including hysteresis and mode competition is likely to occur.
The characterization of the bifurcating eigenfunctions was carried out in detail, particularly in the cuspidal region. The existence of a first integral for the particles trajectories is used to visualize the bifurcating pattern near the critical points. Striking differences are found between the bifurcating spiral structures in the shear, centrifugal and hidden branches along the folded critical surface. The numerical results are in good agreement with the currently available experimental data. Nevertheless, some discrepancies appear as the axial effect is increased. This anomaly is apparently due to finite length effects in the experiment as well as to visualization techniques.
The rigid-body rotation is reviewed in detail for three prototype flows where the centrifugal and shear mechanisms compete: rotating Hagen-Poiseuille flow, spiral Couette flow and spiral Poiseuille flow. A suitable axial Reynolds number for the three flows is defined in order to make such comparison. The asymptotic threshold values for instability in the shear branch appear to be qualitatively similar despite the different nature of the three problems.
Overall, the instability mechanisms of spiral Poiseuille flow are qualitatively similar to the ones observed in our analysis of spiral Couette flow (Meseguer & Marques 2000) . Nevertheless, new experiments are needed to confirm the existence of the cuspidal region, and to explore the rich dynamics associated with it.
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